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Abstract
We consider supersymmetric holographic flows that involve background gauge fields dual to
chemical potentials in the boundary field theory. We use a consistent truncation of gauged
N =8 supergravity in five dimensions and we give a complete analysis of the supersymmetry
conditions for a large family of flows. We examine how the well-known supersymmetric flow
between two fixed points is modified by the presence of the chemical potentials and this
yields a new, completely smooth, solution that interpolates between two global AdS spaces
of different radii and with different values of the chemical potential. We also examine
some black-hole-like singular flows and a new non-supersymmetric black hole solution. We
comment on the interpretation of our new solutions in terms of giant gravitons and discuss
the implications of our work for finding black-hole solutions in AdS geometries.
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1 Introduction
The application of holographic field theory to condensed matter systems has generated new
interest in studying richer families of holographic RG flows [1, 2]. In particular, there has
been a focus on systems in which the Poincare´ symmetry is broken down to some form of
Galilean symmetry or, perhaps, a Schro¨dinger symmetry. Moreover, in the study of holographic
superconductors,1 one of the goals is to induce a condensate and this is generically done through
chemical potentials whose holographic duals are electrostatic fields in the bulk. One is thus led
to the study of holographic flows in the presence of, at least, Coulomb potentials and in which
the spatial and temporal parts of the metric receive different “warp factors.” One of the purposes
of this paper is to re-examine supersymmetric holographic flows in this context and see to what
extent the supersymmetric solutions might play a roˆle in AdS/CMT. Since our solutions will
1See [3] for recent review and a comprehensive list of references.
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be obtained from a consistent truncation of N = 8 five-dimensional supergravity they are also
clearly of interest as dual to phases of four-dimensional N = 4 SYM at finite chemical potential.
The holographic flows we consider involve setting up a space-time that is asymptotically AdS
with background electromagnetic fields. The study of such holographic flow solutions will also
provide a new perspective on the study of black holes in anti-de Sitter geometries. In particular,
one might ultimately find interesting new black-hole-like solutions in AdS that consist of a black
hole in the center and a charged cloud surrounding the black hole so that the charges at infinity
are a non-trivial combination of those of the black hole and the charged cloud. Once again
we will focus on supersymmetric configurations because of simplicity and stability and we will
find a supersymmetric charged cloud in global AdS that spontaneously breaks an Abelian gauge
symmetry in the gravitational background. That is, we find a charged solution that interpolates
between global AdS with one set of electrostatic potentials at infinity and global AdS with
a different radius and different electrostatic potentials in the core. The voltage difference is
accounted for by a charged cloud distributed in a region whose scale is set by the curvature of
the S3 in the global AdS. We find that the charge density of this cloud vanishes extremely fast
in the core and so there is no obvious obstruction to putting a black hole (with an orthogonal set
of charges) in the middle of this cloud. We make some first steps in this direction by examining
simple black-hole solutions that might be placed inside such a charged cloud.
It is also important to recall that turning on Coulomb fields in four or five dimensions corre-
sponds to turning on angular momenta on the internal manifold that is used to compactify the
underlying M-theory or IIB supergravity [4]. Thus all of the solutions one finds in this manner
will have potentially interesting brane interpretations as some form of giant gravitons (or super-
stars) [5, 6]. Indeed, even though some of the black-hole-like solutions we find are rather singular
in five dimensions, based on the criteria of [7], their uplifts can almost certainly be given some
natural brane interpretation.
Another interesting aspect of the work presented here is that we are led to consider super-
symmetric flows that start, in the UV, from either Poincare´ or global AdS geometries. That
is, we consider field theories on both R3,1 and S3 × R. Indeed, it seems to be very natural to
combine field theories dual to global AdS with chemical potentials: The finite volume lifts the
ground state degeneracy of the field theory and, in particular, conformal invariance requires the
field-theory scalars to have conformal couplings which, on S3, behave like a mass. On the other
hand, the presence of a chemical potential induces an instability, essentially a negative mass-
squared term, which, in AdS/CMT, usually generates the condensate. In global AdS there is
thus a competition between these two contributions to the mass terms and we find that, while
there are infinite families of supersymmetric flows for field theories on both R3,1 and S3 × R,
the only smooth supersymmetric flows to non-trivial fixed points are the well-known one with a
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Poincare´ invariant space-time [8] and a new one on S3×R with the chemical potentials precisely
tuned in terms of the curvature of the S3. The new flow is asymptotic to global AdS5 in both
the UV and IR, but with different radii and different electrostatic potentials. In between the IR
and UV there is a charged, supersymmetric cloud that gives rise to this potential difference.
One of the issues in the construction of holographic superconductors is to embed the sym-
metry breaking gravity solution in string theory (so that one has a tried-and-true holographic
dictionary). This was the approach followed in [9, 10, 11, 12] where the authors successfully
embedded a model of a holographic superconductor in IIB and eleven-dimensional supergravity.
However the end point of the zero-temperature, symmetry breaking domain walls of [9, 10, 11, 12]
are non-supersymmetric AdS solutions, which for compactifications based on spheres are known
to be unstable [13, 14]. The easiest way to ensure stability is to find a flow that is supersym-
metric and this was one of the original motivations for this work. The obvious objection to this
idea is that the formation of condensate cannot be supersymmetric because it is evidently not
a ground-state of the original Hamiltonian. However, the condensate is necessarily charged and
it might well saturate a BPS bound and thereby preserve supersymmetry. Indeed, the super-
symmetric solutions that we find are BPS for this reason. However, the flows to the non-trivial
supersymmetric fixed point do not involve a condensate: just as in [8] these flows involve turning
on a supersymmetric mass term that breaks the supersymmetry from N = 4 to N = 1. We also
exhibit supersymmetric flows that involve chemical potentials and the fermion condensate, but
these do not go to a smooth fixed-point solution but have some kind of black-hole-like naked
singularity in the core.
While this work has natural generalizations to M-theory and holographic field theories in
(2 + 1) dimensions, this paper will focus on the IIB theory and (3 + 1)-dimensional holographic
field theories. More specifically, we will work with gauged N =8 supergravity in five dimensions,
and use a consistent truncation, defined in [15], that reduces it to an Abelian gauged N = 2
supergravity theory, in five dimensions, coupled to two vector multiplets and four differently
charged hypermultiplets. We further reduce the scalar sector so that we can focus on holographic
flows that involve fundamental bilinear operators in the bosons and fermions of the dual field
theory. This enables us to define a large class of N = 1 supersymmetric flows that involve
chemical potentials, masses and vevs in the dual N =1 Yang-Mills theory.
In section 2 we define the N =2 supergravity theory as a consistent truncation of the N =8
theory and then perform a further (consistent) truncation to the sector of interest. We then
give the field theory action and superpotential. Section 3 contains a detailed analysis of the
supersymmetry conditions for the holographic flows involving all the scalars and Coulomb fields.
Section 4 contains the details of the new smooth flow between the maximally symmetric fixed
point and the non-trivial supersymmetric fixed point of [16]. As described above, this new flow
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involves non-trivial chemical potentials and runs between two global AdS spaces. In Section 5
we consider some supersymmetric black-hole-like singular flows and show that our results here
match some of the known solutions in the literature. We also discuss a new solution that consists
of a non-supersymmetric black hole in the background of the non-trivial supersymmetric fixed
point. In section 6 we give the conclusions and describe several promising avenues for further
research.
2 Truncating the gauged N =8 supergravity theory
The forty-two scalars of N = 8 supergravity parametrize the non-compact coset space
E6(6)/USp(8) and it is convenient to write the E6(6) Lie algebra in terms of a real 27 × 27
matrix in the SL(6,R)× SL(2,R) basis [17]:
X =
(
−4 Λ[M [IδN ]J ]
√
2 ΣIJPβ√
2 ΣMNKα ΛKP δ
α
β + Λ
α
β δ
K
P
)
, (2.1)
where I = 1, . . . , 6; α = 1, 2; the matrices ΛKP , Λ
α
β represent elements of the SL(6,R)×SL(2,R)
Lie algebra and ΣIJPβ transforms in the (20,2) of SL(6,R) × SL(2,R). Raising of the indices
on Σ is done using the -symbols.
The truncation to the N = 2 supergravity theory is then obtained by finding the sector of
gauged N = 8 supergravity that commutes with the Z2 × Z2 subgroup of SO(6) defined by the
matrices:
diag(−1,−1,−1,−1,+1,+1) and diag(+1,+1,−1,−1,−1,−1) . (2.2)
One can easily verify that the corresponding SU(4) matrices acting on the 4 or 4¯ are:
diag(−1,+1,−1,+1) and diag(−1,−1,+1,+1) . (2.3)
There is thus one invariant spinor in each of the 4 and 4¯, which means that the truncation is
indeed N =2 supersymmetric.
The tensor gauge fields transform in the 6 of SO(6) and so none of them is invariant under
(2.2). There are three vector fields, A
(1)
µ ≡ A12µ , A(2)µ ≡ A34µ and A(3)µ ≡ A56µ , that are invariant
under (2.2) and one of these must be the graviphoton. This means that the N =2 supergravity
must be coupled to two vector muliplets.
Invariance under the Z2 × Z2 in (2.2) breaks the SL(6,R) to the block diagonal
S((GL(2,R))3) = (SL(2,R))3 × (SO(1, 1))2. The SO(1, 1) factors are multiples of the 2 × 2
identity matrices and can be parametrized by
S ≡ diag(−α + β,−α + β,−α− β,−α− β, 2α, 2α ) . (2.4)
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These two scalar fields belong to the vector multiplets2.
Invariant tensors of the form, ΣIJPβ, are only non-zero if the three indices I, J,K lie in
some permutation of the three distinct index sets, {1, 2}, {3, 4}, {5, 6}. There are thus 16 such
generators transforming in the (2,2,2,2) of (SL(2,R))4, where the last SL(2,R) is that of the
dilaton and axion of type IIB supergravity. In these 16 generators there are 8 anti-self-dual
forms and 8 self-dual forms, which correspond, respectively, to compact and non-compact E6(6)
generators. These forms extend the (SL(2,R))4 to SO(4, 4) and thus the scalar coset of the
N =2 supergravity theory is a quaternionic Ka¨hler manifold with extra SO(1, 1) factors:
M =MQK ×MV S ≡ SO(4, 4)
SO(4)× SO(4) × (SO(1, 1)× SO(1, 1)) . (2.5)
This scalar manifold, of course, fits with the general classification of matter coupled to N = 2
gauged supergravity in five dimensions [18]. The scalar manifold is a product of a quaternionic
Ka¨hler, MQK , and a very special, MV S, manifold. The scalars in the quaternionic Ka¨hler
manifold lie in four charged hypermultiplets.
One can make further consistent truncations of this theory. Most particularly, one can trun-
cate the hypermultiplet sector in a variety of ways.3 For example, in [20] the truncation to the
“incomplete hypermutiplets” parametrized by (SL(2,R))4 × (SO(1, 1))2 ⊂ SL(6,R)× SL(2,R)
was considered. This truncation was thus restricted to metric modes and the dilaton and axion
in the IIB theory. In the holographic dual, this essentially restricts to bilinears of the bosonic
fields. The truncation considered in [15] was almost the orthogonal sector to that considered in
[20]. The coset is, once again,
M =
(
SU(1, 1)
U(1)
)4
× SO(1, 1) × SO(1, 1) . (2.6)
The SO(1, 1) factors are simply those of (2.4) and correspond to scalars in the vector multiplets.
The non-compact generators of SU(1, 1) ∼= SL(2,R) are now those provided by the Z2 × Z2
invariant self-dual forms ΣIJPβ. In the IIB theory these correspond to fluxes and in the holo-
graphic dual theory they correspond to fermion bilinears. This particular truncation was also
shown to be consistent in [15] because it is the invariant subsector under a further Z4 symmetry.
The SU(1, 1)/U(1) cosets can be naturally described in terms of complex scalars, ζj,
j = 1, . . . , 4 and we will parametrize these in terms of a magnitude and a phase, with
2Note that we are reversing the sign α→ −α compared to the conventions of [15] so as to bring the conventions
of this paper into line with earlier work, such as [8].
3It was shown in [19] that setting β = 0 and keeping only one of the hypermultiplets yields a consistent
truncation of our model with a scalar manifold SU(2,1)SU(2)×U(1) × SO(1, 1). This subsector is the SU(2) × U(1)
invariant truncation and contains the supersymmetric flow of [8].
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ζj = tanh(ϕj)e
iθj . The Lagrangian of this subsector is given by truncating the action in [17]4:
e−1L = −1
4
R − 1
4
[
ρ4ν−4F (1)µν F
(1)µν + ρ4ν4F (2)µν F
(2)µν + ρ−8F (3)µν F
(3)µν
]
+ 1
2
4∑
j=1
(∂µϕj)
2 + 3(∂µα)
2 + (∂µβ)
2
+ 1
8
sinh2(2ϕ1)
(
∂µθ1 + (A
(1)
µ + A
(2)
µ − A(3)µ )
)2
+ 1
8
sinh2(2ϕ2)
(
∂µθ2 + (A
(1)
µ − A(2)µ + A(3)µ )
)2
+ 1
8
sinh2(2ϕ3)
(
∂µθ3 + (−A(1)µ + A(2)µ + A(3)µ )
)2
+ 1
8
sinh2(2ϕ4)
(
∂µθ4 − (A(1)µ + A(2)µ + A(3)µ )
)2 − P ,
(2.7)
where the F (J) are the field strengths of the U(1) gauge fields, A(J), and P is the scalar potential.
We have also the exponentiated matrix elements of the SO(1, 1) factors:
ρ ≡ eα , ν ≡ eβ . (2.8)
In [15] it was shown that the scalar potential, P , is given in terms of a superpotential:
P = g
2
8
[ 4∑
j=1
(
∂W
∂ϕj
)2
+
1
6
(
∂W
∂α
)2
+
1
2
(
∂W
∂β
)2 ]
− g
2
3
W 2 , (2.9)
where
W = − 1
4ρ2ν2
[
(1 + ν4 − ν2ρ6) cosh(2ϕ1) + (−1 + ν4 + ν2ρ6) cosh(2ϕ2)
+ (1− ν4 + ν2ρ6) cosh(2ϕ3) + (1 + ν4 + ν2ρ6) cosh(2ϕ4) ] . (2.10)
One should also note that W is invariant, up to a sign, under the permutation group S3.
These permutations are generated by the transformations:
p1 : ϕ1 ↔ ϕ3 , ϕ2 → ϕ2 , ϕ4 → ϕ4 , α→ 12(β − α) , β → 12(β + 3α) ,
p2 : ϕ2 ↔ ϕ3 , ϕ1 → ϕ1 , ϕ4 → ϕ4 , α→ α , β → −β , (2.11)
and these act on W according to: p1 : W → W and p2 : W → W .
In the dual N = 4 Yang-Mills theory, the neutral supergravity scalars are dual do the boson
bilinears:
α ←→ −Tr(X21 +X22 +X23 +X24 − 2X25 − 2X26 ) , (2.12)
β ←→ Tr(X21 +X22 −X23 −X24 ) , (2.13)
4Throughout this paper, our conventions will be precisely those of [17].
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while the supergravity charged scalars are dual to fermion bilinears:
ϕj ←→ Tr(λjλj) + h.c. . (2.14)
Here Xa and λj are the usual 6 scalars and 4 fermions of N = 4 Yang-Mills theory. In the
neighborhood of the SO(6) critical point, α = β = ϕj = 0, flows induced by the superpotential,
(2.10), result in non-normalizable modes for small ϕ1, ϕ2, ϕ3 and normalizable modes for ϕ4.
Thus a generic flow from the maximally supersymmetric point involves masses for the fermions
λ1, λ2, λ3 and a condensate for λ4.
It is worth noting that if we set β = ϕ2 = ϕ3 = 0 we get a further consistent truncation to
the SU(2)×U(1) invariant sector of five-dimensional gauged supergravity. In the notation of [8]
this is given by
φFGPW = 0 , αFGPW = α , ϕFGPW1 = ϕ1 , ϕ
FGPW
2 = ϕ4 . (2.15)
The potential (2.9) has four critical points which correspond to AdS5 vacua in the SU(2)×
U(1) invariant sector of five-dimensional gauged supergravity5 [16]:
• The SO(6) point with N = 8 supersymmetry:
α = β = ϕj = 0 , P = −3
4
g2 . (2.16)
• The SU(2)× U(1) point with N = 2 supersymmetry:
α =
1
6
log 2 , ϕ1 =
1
2
log 3 , β = ϕ2 = ϕ3 = ϕ4 = 0 , P = −2
1/32
3
g2 . (2.17)
• The non-supersymmetric SU(3) point:
α = 0 , ϕ1 =
1
2
log(2−
√
3) , β = ϕ2 = ϕ3 = ϕ4 = 0 , P = −27
32
g2 . (2.18)
• The non-supersymmetric SU(2)× U(1)× U(1) point:
α =
1
12
log 10, ϕ1 = ϕ4 =
1
4
log
(
11− 4√6
5
)
, β = ϕ2 = ϕ3 = 0 ,
P = −3 5
2/3
210/3
g2 .
(2.19)
The first two fixed points above are supersymmetric and therefore stable, while the last two
fixed points are known to be unstable [13, 21]. The non-supersymmetric SU(3) point uplifts
to Romans’ solution in IIB supergravity [22] and is the end point of the non-supersymmetric
domain wall solutions studied in [23, 24, 11].
5Note that the SO(5) invariant critical point of [16] is in the SU(2) and not in the SU(2) × U(1) invariant
sector of five-dimensional gauged supergravity and therefore is not a critical point of the potential (2.9).
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3 The supersymmetric flows
3.1 The background
We want to consider systems with electrostatic charges and this breaks Lorentz invarince, so that
the time and space components of the metric will have distinct warp factors. In particular, we
want to consider solutions in which there is a radial coordinate upon which everything depends,
but are otherwise maximally symmetric in the spatial directions. This is a common situation in
many of the proposed holographic duals of condensed matter systems. Thus we take the metric
to be either of the form:
ds25 = e
2A(r)
[
f(r)2dt2 − d~x · d~x ] − dr2
f(r)2
, (3.20)
or of the form
ds25 = e
2A(r)
[
f(r)2dt2 − 1
4
a2(σ21 + σ
2
2 + σ
2
3)
] − dr2
f(r)2
, (3.21)
where a is a constant parameter. The σj are the SU(2) left-invariant 1-forms
σ1 = cosα3 dα1 + sinα1 sinα3 dα2 ,
σ2 = sinα3 dα1 − sinα1 cosα3 dα2 , (3.22)
σ3 = dα3 + cosα1 dα2 ,
which satisfy dσi =
1
2
ijkσj ∧ σk. The metric on the unit radius S3 is
ds2S3 =
1
4
(σ21 + σ
2
2 + σ
2
3) . (3.23)
The metric on AdS5 of radius L in this set of coordinates is:
ds2AdS5 = e
2r/L
((
1 +
L2
a2
e−2r/L
)
dt2 − 1
4
a2(σ21 + σ
2
2 + σ
2
3)
)
−
(
1 +
L2
a2
e−2r/L
)−1
dr2 . (3.24)
We are thus going to consider solutions that are either asymptotic to Poincare´ AdS5 and based
upon (3.20), or solutions that are asymptotic to global AdS5 and based upon (3.21). As one
should expect, the equations governing these two classes of solutions are very similar and one
can obtain the equations for the metric (3.20) by taking the radius, a, of the S3 in (3.21) to be
infinite.
We will also adopt the obvious sets of frames:
e0 = eA f dt , ei = eA dxi or ei = a
2
eA σi , e
4 = f−1 dr , (3.25)
and the gamma matrix conventions of [17], with:{
γa , γb
}
= 2 ηab , (3.26)
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where η = diag(+1,−1,−1,−1,−1). In particular, we take:
γ0γ1γ2γ3γ4 = 1l . (3.27)
In this paper we are going to focus on solutions with electric charges and so we take the
Maxwell fields to be:
A(I) = ΦI(r) dt , F
(I) = − (∂rΦI) dt ∧ dr I = 1, 2, 3 . (3.28)
We will also only seek solutions in which the phases, θj, of the scalar fields are constant. This
means that we have fixed a gauge for the U(1) gauge fields. The ability to shift the potentials
by an overall constant is, of course, equivalent to allowing the θj to have a linear dependence
on t. To maintain the constancy of the θj we will allow the ΦI to take any constant value at
asymptotic infinity.
3.2 The supersymmetries
In five dimensions, supersymmetry generators come in symplectic pairs. While the AdS metrics
have Poincare´ and conformal supersymmetries, the flow solutions will generically only preserve
the Poincare´ supersymmetries. In the Poincare´ patch these are precisely the supersymmetries
that do not depend upon t and ~x and so we will focus on those supersymmetries.
On global AdS, the supersymmetries generally have more complicated dependence on coor-
dinates. Consider the global AdS5 metric:
ds25 = R
2
[
cosh2 λ dt2 − 1
4
sinh2 λ (σ21 + σ
2
2 + σ
2
3) − dλ2
]
, (3.29)
which corresponds to taking (3.21) with:
r = aR log(sinhλ) , f = a cothλ , A = log(R
a
sinhλ) . (3.30)
The symplectic pair of supersymmetries, ˆ1 and ˆ2, in AdS5 must satisfy:
∇ρ
(
ˆ1
ˆ2
)
+
(
0 1
2R
− 1
2R
0
)
γρ
(
ˆ1
ˆ2
)
= 0 . (3.31)
This is identically satisfied if we take the ˆj to be independent of the S
3 and require:
∂t ˆ1 = − 12 ˆ2 , ∂t ˆ2 = + 12 ˆ1 . (3.32)
At infinity, the solution will become AdS5 and we are going to allow solutions in which the
gauge potentials, ΦI , go to non-zero constants at infinity. Moreover a combination of the U(1)
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gauge fields will represent the U(1)R-symmetry and so we need to incorporate the corresponding
minimal couplings in the AdS5 background. This can be done by inserting an arbitrary constant,
c, into (3.32) and hence we will seek symplectic pairs of supersymmetries that are independent
of the homogeneous spatial three-surfaces and that satisfy
∂t ˆ1 = − c
a
ˆ2 , ∂t ˆ2 = +
c
a
ˆ1 . (3.33)
3.3 The supersymmetry conditions
To find five-dimensional supersymmetric bosonic backgrounds one sets the variations of the spin-
1/2 and spin-3/2 fields to zero. From [17], the gravitational and scalar parts of these variations
are:
δψµa = Dµa − 16 gWabγµb − 16 Hνρ ab
(
γνργµ + 2γ
νδρµ
)
b , (3.34)
δχabc =
√
2
[
γµPµabcd 
d − 1
2
g Adabc 
d − 3
4
γµνHµν [ab c]|
]
. (3.35)
As in [8], the supersymmetries and superpotential can be isolated by looking at the eigenvalues
of the Wab tensor. Indeed there is a symplectic pair of such spinors with:
Wab η
b
(k) = W η
a
(k) , k = 1, 2 ,
Ωab η
b
(1) = −ηa(2) , Ωab ηb(2) = ηa(1) ,
(3.36)
where Ω is the symplectic form and W is given by (2.10). The complete supersymmetry of this
system is then given by defining:
a ≡ ηa(1) ˆ1 + ηa(2) ˆ2 =⇒ a ≡ Ωab b = −ηa(2) ˆ1 + ηa(1) ˆ2 , (3.37)
where ˆ1 and ˆ2 are a symplectic pair of five-dimensional spinors on the space-time satisfying
(3.33).
To write down the supersymmetry conditions, it is useful to define
Λ(n) ≡ e−A
(
ρ2ν−2Φ′1 + ρ
2ν2Φ′2 + ρ
−4Φ′3 +
n
a
)
, (3.38)
Λ˜ ≡ − g
2f
e−A
[ 4c
ag
+ (Φ1 + Φ2 − Φ3) cosh(2ϕ1) + (Φ1 − Φ2 + Φ3) cosh(2ϕ2)
+ (−Φ1 + Φ2 + Φ3) cosh(2ϕ3) + (Φ1 + Φ2 + Φ3) cosh(2ϕ4)
]
, (3.39)
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and
Xα ≡ 1
6
e−A
(
ρ2ν−2Φ′1 + ρ
2ν2Φ′2 − 2ρ−4Φ′3
)
, (3.40)
Xβ ≡ −1
2
e−A
(
ρ2ν−2Φ′1 − ρ2ν2Φ′2
)
, (3.41)
X˜(1) ≡ g
2f
e−A(Φ1 + Φ2 − Φ3) sinh 2ϕ1 , (3.42)
X˜(2) ≡ g
2f
e−A(Φ1 − Φ2 + Φ3) sinh 2ϕ2 , (3.43)
X˜(3) ≡ g
2f
e−A(−Φ1 + Φ2 + Φ3) sinh 2ϕ3 , (3.44)
X˜(4) ≡ g
2f
e−A(Φ1 + Φ2 + Φ3) sinh 2ϕ4 . (3.45)
Assuming that the supersymetries only depend upon t and r, with the t-dependence given
by (3.33), the gravitino variations in the t, r and other spatial directions give, respectively:
1
2
(f ′ + fA′)γ0γ4a − 12Λ˜a − 16 gWγ0a − 13Λ(0)γ4a = 0 , (3.46)
f ∂ra +
1
6
gWγ4a + 1
3
Λ(0)γ0a = 0 , (3.47)
1
2
fA′γ0γ4a − 16 gWγ0a + 16Λ(3)γ4a = 0 . (3.48)
Note that −1
2
Λ˜ encodes the minimal couplings of the gauge fields to the supersymmetry and
hence includes the parameter, c, that fixes the t-dependence of the supersymmetries.
Subtracting (3.48) from (3.46) gives
1
2
f ′γ0γ4a − 12Λ˜a − 12Λ(1)γ4a = 0 . (3.49)
The gaugino variations, δχabc break into six independent tensor components, corresponding
to the six independent scalar fields. These equations then reduce to:
f α′ a − Xαγ0a + 112g
∂W
∂α
γ4 a = 0 , (3.50)
f β′ a − Xβγ0a + 14 g
∂W
∂β
γ4 a = 0 , (3.51)
f ϕ′j γ
4 a + X˜jγ
0a − 12 g
∂W
∂ϕj
a = 0 , j = 1, . . . , 4 . (3.52)
In writing these equations we have explicitly assumed that the phases, θj, are all constant.
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3.4 Solving the supersymmetry variations
We now have to solve (3.47)–(3.52). For the present we ignore the radial equation, (3.47), and
solve the remaining equations, (3.48)–(3.52). For the flows without electrostatic fields, [8, 15],
one is immediately led to a projection condition that gives ˆ2 = ±γ4ˆ1. For the more general
class of flows considered here one must allow for a “dielectric projection” condition on the spinors
[25, 26, 27]: (
ˆ1
ˆ2
)
+
(
cos ξ γ0 − sin ξ γ4
sin ξ γ4 cos ξ γ0
)(
ˆ1
ˆ2
)
= 0 , (3.53)
where ξ = ξ(r). With this projector one can then recast equations (3.48)–(3.52) as:
cos ξ =
f ′
Λ(1)
= − 1
3
Λ(3)
f A′
= − 2X˜
(j)
g (∂ϕjW )
= − Xα
f α′
= − Xβ
f β′
, (3.54)
sin ξ = − Λ˜
Λ(1)
=
1
3
gW
f A′
= − 2fϕ
′
j
g (∂ϕjW )
= − g
12
(∂αW )
f α′
= − g
4
(∂βW )
f β′
. (3.55)
These represent sixteen equations for the twelve arbitrary functions: α, β, ϕj, A, f,ΦI and ξ but,
as we will see, there is just the right degree of redundancy.
First observe that we have
X˜(j)
(∂ϕjW )
=
X˜(k)
(∂ϕkW )
, (3.56)
for all j, k. For a generic flow in which all the ϕj 6= 0, (3.56) are equivalent to:
Φ1 = ν
4 Φ2 , Φ3 = ρ
6ν2 Φ2 . (3.57)
For more specialized flows in which some of the ϕj’s vanish, or are equal, there may be additional
possibilities, but we will ignore these in this paper.
Using (3.57), all six equations:
cos ξ = − 2X˜
(j)
g (∂ϕjW )
= − Xα
f α′
= − Xβ
f β′
, (3.58)
reduce to
cos ξ = 2 f−1ρ2ν2 e−A Φ2 , (3.59)
There remain eleven equations for the ten unknown functions: α, β, ϕj, A, f,Φ2 and ξ.
Using (3.57) one also finds:
Λ(n) = 3 e−A
[ d
dr
(
ρ2ν2 Φ2
)
+
n
3a
]
,
Λ˜ = − 2c
af
e−A +
2 g
f
e−A ρ2ν2W Φ2 .
(3.60)
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Using this in the second identity for cos ξ in (3.54) yields the differential equation:
d
dr
(
ρ2ν2 e2A Φ2
)
= − 1
a
e2A . (3.61)
Now use the following identity from the expressions for sin ξ:
Λ˜
Λ(1)
= − 1
3
gW
f A′
, (3.62)
which is equivalent to:
A′ = − g
3c
W . (3.63)
One then obtains
f sin ξ = − c . (3.64)
From the last three expressions for sin ξ one obtains the steepest descent equations:
α′ =
g
12c
∂W
∂α
, β′ =
g
4c
∂W
∂β
, ϕ′j =
gc
2f 2
∂W
∂ϕj
. (3.65)
Note the presence of the factor of f−2 in the last of these equations.
Equations (3.63), (3.64) and (3.65) now account for all the equations coming from the ex-
pression for sin ξ while (3.59) and (3.61) account for all but one of the equations for cos ξ. There
are thus two remaining equations: cos2 ξ + sin2 ξ = 1 and
f ′ = Λ(1) cos ξ . (3.66)
Using (3.59) and (3.61) this can be written:
d
dr
[
f 2 − 4e−2A(ρ2ν2 Φ2)2] = d
dr
[
f 2 − f 2 cos2 ξ
]
= 0 , (3.67)
which is precisely consistent with (3.64). Finally, note that cos2 ξ + sin2 ξ = 1 is equivalent to:
ρ2ν2 e2AΦ2 = − 12 e3A
√
f 2 − c2 , (3.68)
and hence we can write (3.61) as an equation for the evolution of f :
d
dr
[
e3A
√
f 2 − c2
]
= +
2
a
e2A . (3.69)
Note that the sign choice in (3.68), and hence in (3.69), has been made so that f behaves in the
appropriate manner in the UV limit, r → +∞, to obtain an AdS space as in (3.24).
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3.5 The radial dependence of the supersymmetries
It simplifies the radial equation, (3.47), if one multiplies (3.46) by γ0γ4 and subtracts it from
(3.47) to obtain:
f ∂ra +
1
2
(f ′ + fA′)a + 12Λ˜γ
0γ4a = 0 . (3.70)
Define ˆ
(0)
j by (
ˆ1
ˆ2
)
= f
1
2 e
A
2
(
cos ξ
2
sin ξ
2
γ0γ4
− sin ξ
2
γ0γ4 cos ξ
2
)(
ˆ
(0)
1
ˆ
(0)
2
)
. (3.71)
Then the projection condition, (3.53), and radial equation, (3.70), reduce to the elementary form:(
1l + γ0
)
ˆ
(0)
j = 0 , ∂r ˆ
(0)
j = 0 , j = 1, 2 . (3.72)
The differential equation for the ˆ
(0)
j follows by using (3.54) and (3.55) to set Λ˜ = −f ′ tan ξ in
(3.70) and then using (3.64).
3.6 The flow equations
Pulling the results together, the flows are given by solving the first order system:
α′ =
g
12c
∂W
∂α
, β′ =
g
4c
∂W
∂β
, ϕ′j =
gc
2f 2
∂W
∂ϕj
. (3.73)
A′ = − g
3c
W ,
d
dr
[
e3A
√
f 2 − c2
]
=
2
a
e2A , (3.74)
to obtain α, β, ϕj, A, and f , where c is a constant.
The electrostatic potentials are then given by:
Φ1 = −12 eAρ−2ν2
√
f 2 − c2 , Φ2 = −12 eAρ−2ν−2
√
f 2 − c2 , Φ3 = −12 eAρ4
√
f 2 − c2 , (3.75)
and the polarization angle is given by:
sin ξ = − cf−1 . (3.76)
These flow equations have many solutions with diverging scalar fields. Some of them cor-
respond to flows driven by relevant perturbations in the dual field theory and some are driven
by condensates. While many of these flows may represent physically interesting solutions in ten
dimensions, or in the dual field theory, we will now focus on flows between the supersymmetric
fixed points.
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4 Charged clouds
To get the flow to AdS5 at infinity one must have A ∼ rL and so one must take f → c and hence
ξ → −pi
2
as r →∞. The supersymmetry projector (3.53) reduces to precisely that of [8], which,
given (3.27), is the standard D3 brane projection. To get the canonically normalized time and
radial coordinate on AdS5 one takes c = 1.
If one takes the UV limit to be the maximally supersymmetric critical point with ρ = ν =
1, ϕj = 0 and W = −32 , then we have:
c = 1 , g =
2
L
, Φ1,Φ2,Φ3 → − L
2a
, f ∼ 1 + L
2
2a2
e−
2r
L . (4.77)
The flow thus starts out in exactly the same manner as those of [8, 15, 28, 29, 30].
It may, at first seem surprising that supersymmetry requires non-zero electrostatic potentials
at infinity. Coulomb potentials are dual, in the holographic field theory, to chemical potentials
and constant values represent negative mass terms in the field theory. Such terms would normally
destabilize the vacuum and cause the formation of a condensate, but the holographic dual field
theory for global AdS is a conformal field theory on S3×R and thus all scalars in that field theory
must be conformally coupled (see, for example, [31]) with mass terms of the form 1
6
Rφ2 = 1
a2
φ2
on S3. To get a supersymmetric flow, the negative mass term from the chemical potential must
cancel the positive mass from the scalar curvature of S3 and hence one should expect the Coulomb
fields to behave exactly as in (4.77).
The flow to the non-trivial IR fixed point has some somewhat different features from those
of [8]. The crucial difference is that f diverges in the infra-red and thus greatly slows the flow of
ϕj.
The flow of interest has χ ≡ ϕ1 6= 0, β = ϕj = 0, j ≥ 2 and Φ1 = Φ2. In terms of the charged
scalar fields, ζj, one only has ζ1 6= 0. The IR fixed point is then characterized by:
α = α∗ ≡ 16 log(2) , χ = χ∗ ≡ 12 log(3) ,
W = −22/3 ⇒ L∗ = 32 2−2/3L , eA ∼ er/L∗ ,
(4.78)
with r → −∞.
For regular solutions as r → −∞ one must exclude all the homogeneous solutions in the
equations for Φj and f ((3.61) and (3.73)) and thus one has
eA ∼ e+ rL∗ , f ∼ L∗
a
e−
r
L∗ , Φ1 = Φ2 → − 2−4/3 L∗a , Φ3 → − 2−1/3 L∗a . (4.79)
as r → −∞. Note that in this limit the U(1) × U(1) gauge group of the domain wall solution
is spontaneously broken to U(1), Φ3 = 2Φ1 = 2Φ2, and from (2.7) one sees that the minimal
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coupling to ζ1 vanishes for these values of the potential. Thus the flow has completely expelled
the charge carried by ζ1.
To understand the infra-red flow in more detail, observe that the superpotential has the
expansion about the point (4.78) given by:
W = − 22/3[1 + 4 (α− α∗)2 − 4 (α− α∗)(χ− χ∗) + . . . ] , (4.80)
where + . . . indicates terms of cubic order. This critical point is a saddle point with one positive
eigenvalue and one negative eigenvalue. However, because of the presence of the f−2 in (3.73)
the asymptotic behavior of the flow is not so simple. For large, negative r one has
dα
dr
= − 1
L∗
[
2 (α− α∗)− (χ− χ∗) + . . .
]
,
dχ
dr
=
6a2
L3∗
e
2r
L∗ (α− α∗) + . . . , (4.81)
where + . . . indicates terms of quadratic order. Note the exponential damping, coming from
f−2, in the second equation.
There is one obvious solution in the neighborhood of the critical point, and it has
(α− α∗) ∼ k0 e−
2r
L∗ , (χ− χ∗) ∼ 6a
2
L3∗
k0 r , (4.82)
for some constant, k0. However, this solution diverges as r → −∞ and corresponds to a flow
away from the critical point.
The flow that approaches the critical point requires some delicate fine tuning of the path so
that (χ − χ∗) ∼ 2(α − α∗) along the approach. Indeed, suppose one starts from an extremely
small displacement away from this critical point, then one has
(α− α∗) = c0
(
1 + 3a
2
4L2∗
e
2r
L∗ + . . .
)
, (χ− χ∗) = 2 c0
(
1 + 3a
2
2L2∗
e
2r
L∗ + . . .
)
, (4.83)
where c0 is an arbitrarily small constant and + . . . indicates terms that vanish faster than e
2r
L∗ as
r → −∞. Observe that this solution relaxes, exponentially slowly to (α− α∗) = 12(χ− χ∗) = c0.
It thus requires the higher order, non-linear terms in the flow equations to drive the flow onto
the fixed point. Thus the flow approaches the fixed point extremely slowly, probably more slowly
than any simple exponential decay.
We have solved for this flow numerically, and we have shown the profiles of the various fields
in Fig. 1. Note that the variations of these fields are confined within a relatively small region
of the A-space. These variations occur largely before A(r) passes through zero, in other words,
before the point where the holographic scale becomes of the order of the scale of the S3 “box”
in which the field theory lives.
We have not been able to solve equations (3.73) and (3.74) analytically. However, from the
numerical profiles we are able to guess the following analytical expressions which fit the numerical
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Figure 1: The profiles of the scalar functions α(A), χ(A) obtained by solving equation (3.73) and
the metric function f(A) obtained by solving equation (3.74). For clarity, we have plotted the
functions α(A), χ(A) and (f(A)− 1)/10.
solutions rather well:
α(A) = −α∗
2
[tanh (0.75 (A− 3.3))− 1] , (4.84)
χ(A) = −χ∗
2
[tanh (0.65 (A− 3.65))− 1] , (4.85)
f(A)− 1
10
=
1
2
e−(A+1.7) , (4.86)
where α∗ and χ∗ are the values of the scalars at the IR fixed point (given in equation (4.78)). We
have pictorially demonstrated this fit in Fig. 2. We also find that the numerical constants appear-
ing in equation (4.84)-(4.86) are not fine-tuned, namely these fitting curves are not extremely
sensitive to their respective values quoted above.
5 Charged black holes
In the previous sections we suppressed the homogeneous solutions in the equations for ΦJ and
f , (3.61) and (3.73), because the homogeneous solutions generically generate singularities. Since
we are dealing with highly symmetric, charged solutions, it should come as no surprise that these
singular solutions look somewhat like black holes. They are not actually black holes in that they
have naked singularities. Indeed, we have been focussing on solutions with four supersymmetries
and the corresponding black-hole solutions in AdS5 are known to be singular [32], with the only
known supersymmetric black hole with a regular horizon possessing only two supersymmetries
[33, 34].
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Figure 2: The black dashed lines are the functions given in equation (4.84)–(4.86). Clearly they
resemble the numerical solutions very closely.
5.1 The singular “black hole” solutions
In five dimensions, the STU model is simply the N = 2 supersymmetric theory consisting of a
graviton multiplet coupled to two vector mutiplets and can be obtained from our formulation
by setting all the hypermultiplet scalars to zero, ϕj = 0. We consider the global AdS5 metric,
(3.21), and introduce a new coordinate, η, defined via the implicit coordinate transformation:
dr =
2c
g
η
[(η2 + q1)(η2 + q2)(η2 + q3)]1/3
dη . (5.87)
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One can then show that the following represents a solution to the BPS equations:
e2A(η) =
g
2c
[(η2 + q1)(η
2 + q2)(η
2 + q3)]
1/3 , ϕj = 0 , (5.88)
α(η) =
1
12
log
(
(η2 + q1)(η
2 + q2)
(η2 + q3)2
)
, β(η) =
1
4
log
(
η2 + q2
η2 + q1
)
, (5.89)
Φ1 = − c
ag
η2
η2 + q1
, Φ2 = − c
ag
η2
η2 + q2
, Φ3 = − c
ag
η2
η2 + q3
, (5.90)
f 2(η) = c2 +
8c3
g3a2
η4
(η2 + q1)(η2 + q2)(η2 + q3)
. (5.91)
Define the functions
Hi(η) =
g
2c
(
1 +
qi
η2
)
, F (η) =
1
a2
+ c2η2H1H2H3 , (5.92)
and then one can rewrite the solution in the more canonical form:
ds25 =
F
(H1H2H3)2/3
dt2 − 1
4
a2(H1H2H3)
1/3η2(σ21 + σ
2
2 + σ
2
3)−
(H1H2H3)
1/3
F
dη2 , (5.93)
with gauge fields and scalars given by:
A(i) = − 1
2a
1
Hi
dt , X(i) =
(H1H2H3)
1/3
Hi
. (5.94)
These are precisely the BPS solutions of the STU model with three different charges discussed
in [32, 35, 36, 6]. Note that, as required by the STU model, we have X(1)X(2)X(3) = 1, with
X(1) = ρ−2ν2 , X(2) = ρ−2ν−2 , X(3) = ρ4 . (5.95)
The solution can be analytically continued through η2 = 0 and has a naked singularity at η2 = −q,
where q is the smallest of the three charges [6]. It is clear that if one takes the parameter a to
infinity one will get the corresponding solution in the Poincare´ patch.
In terms of flows driven by the superpotential, W , this solution represents a “flow to Hades”
[30] in that |W | → ∞. It is also a rather simple such flow in that it does not involve the
hypermultiplets since ϕj = 0. There are obviously large numbers of similar flows with ϕj 6= 0
and it would be interesting to understand them in terms of “black-hole-like” solutions. These
will certainly include the generalized Coulomb branch flows [37] associated with the non-trivial
fixed point theory.
The scalar potential for this solution is
P = −g2 3η
2 + q1 + q2 + q3
[(η2 + q1)(η2 + q2)(η2 + q3)]1/3
. (5.96)
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It is clear that P → −∞ as one approaches the naked singularity but it is important to note
that the scalar potential is bounded above throughout the whole solution. Following [7], one
can argue that such singular five-dimensional solutions are “good” (i.e. physically relevant) and
the singularity should be resolved by a distribution of D-branes once the solutions is uplifted to
type IIB supergravity. Indeed there is a known physical interpretation of this solution as giant
gravitons on AdS5 × S5 [6].
5.2 Solutions with constant scalars
It is also interesting to see what classes of supersymmetric solutions can be generated from
a critical point of the superpotential. That is, suppose that all scalars take constant values
(α∗, β∗, ϕ∗j) corresponding to an extremum of the superpotential, W , whose value at the extremum
is given by W∗. This automatically solves the BPS equations for α, β and ϕj given in (3.73). It
is then elementary to obtain the solution for the rest of the fields:
A(r) = − g
3c
W∗ r + A0 , (5.97)
Φ2(r) =
3c
2agW∗
1
(ρ∗ν∗)2
+ C1e
−2A(r) , (5.98)
Φ1(r) = ν
4
∗Φ2(r) , Φ3(r) = ρ
6
∗ν
2
∗Φ2(r) , (5.99)
f 2(r) = c2 + 4(ρ∗ν∗)4e−2A(r)(Φ2(r))2 , (5.100)
where C1 and A0 are integration constants. Note that we have included the homogeneous parts
in solving equations (3.74).
Since the three Coulomb potentials are the same, up to overall scales, this means that we are
dealing with the STU black hole (naked singularity, to be more precise) with q1 = q2 = q3 = q.
The fact that we have been forced into the minimal solution arises from the generic value of the
ϕ∗j and the resulting constraints (3.57). We thus have the rather simple metric:
ds25 = F˜H
−2dτ 2 − 1
4
a2Hη2(σ21 + σ
2
2 + σ
2
3)−HF˜−1dη2 , (5.101)
with
H(η) =
g
2c
(
1 +
q
η2
)
, F˜ (η) =
1
a2
+
4c2W 2∗
9
η2H3(η) , e2A(r) =
g
2c
(
η2 + q
)
,(5.102)
τ = − 3
2W∗
t , e2A0 =
g
2c
, C1 = − 3q
4aW∗ (ρ∗ν∗)
2 . (5.103)
The vector potentials are given by:
A(1) = − ν
2
∗
2aρ2∗
H−1dτ , A(2) = − 1
2a(ρ∗ν∗)2
H−1dτ , A(3) = −ρ
4
∗
2a
H−1dτ , (5.104)
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and the scalars have the constant values:
X(1) = (ρ∗)−2(ν∗)2 , X(2) = (ρ∗)−2(ν∗)−2 , X(3) = (ρ∗)4 . (5.105)
The underlying STU model has a scale invariance: A(j) → µjA(j), X(j) → µjX(j), provided
that µ1µ2µ3 = 1. Taking µ1 = ρ
2
∗ν
−2
∗ , µ2 = ρ
2
∗ν
2
∗ and µ3 = ρ
−4
∗ will scale this solution to precisely
the standard, minimal STU black hole.
This mathematical statement, however, misses a much more important physical point: The
solution at the non-trivial critical (PW) point corresponding to (see (4.78))
α∗ =
1
6
log 2 , χ∗ ≡ ϕ∗1 = ±
1
2
log 3 , β∗ = ϕ∗2 = ϕ
∗
3 = ϕ
∗
4 = 0 , W∗ = −22/3 , (5.106)
represents a new solution to the five-dimensional theory coupled to a charged hypermultiplet. The
fact that this solution collapses to the standard STU form becomes apparent if one remembers
that the (Abelian) gauge group at the PW point has
A(1) = A(2) , A(3) = 2A(1) . (5.107)
Now recall that the only non-zero charged scalar, ϕ1, couples to (A(1) +A(2)−A(3))2 in (2.7) and
thus ϕ1 decouples from everything except the potential. As a result, the only roˆle played by the
non-trivial hypermultiplet scalar in the solution at the critical point is to arrange that there is a
critical point and to set the scale via the cosmological constant.
There are thus two interesting charged solutions arising from the five-dimensional solution
coupled to a charged hypermultiplet: The more symmetric charged solution, at which all the
charged scalars vanish, and the charged solution arising from the PW fixed point with a constant
charged scalar ϕ1. In the next section we will exhibit a supersymmetric charged domain wall
that interpolates between these two solutions.
From a ten-dimensional perspective in IIB supergravity, the standard STU black hole and the
new class of solutions will also look extremely different. As is evident from the earlier, uncharged
solutions and flows [38, 39], the new solutions will involve non-trivial internal fluxes and further
distortion of the metric on S5. From a ten-dimensional perspective, the addition of Coulomb
potentials corresponds to adding angular momenta on the S5 [4] and so the new family of charged
black-hole-like solutions based on the PW critical point will lift to new families of giant gravitons
in ten dimensions [5, 6].
5.3 Flows between BPS naked singularities
We now consider the effect of the homogeneous solutions for f and ΦJ in the BPS flow equations
(3.73)–(3.74). For simplicity we will set β = ϕ2 = ϕ3 = ϕ4 = 0. Note that in the limit a → ∞
we get the corresponding BPS equations in the Poincare´ patch.
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The BPS naked singularity at a fixed point for the scalars is given by (5.97)–(5.100), where
A0 and C1 are two integration constants which we can fix at will. We will find a domain wall
which interpolates between the two naked singularities - the maximally symmetric one for which
all scalars vanish and the PW point (5.106). To find such a domain wall we will use equations
(5.97)–(5.100) as the boundary conditions and will integrate (3.73)–(3.74) numerically . We find
it convenient to solve the flow equations as a function of A.
The numerical solution6 in the Poincare´ patch is shown in Fig. 3. For solutions asymptotic
to global AdS5 we also have non-zero values of the gauge fields and we can numerically solve the
flow equations. The results are shown in Fig. 4. The linearized analysis around the end points of
the flow is quite similar to the one done in Section 4 and there is again exponential damping in
the linearized equation for the χ-field as observed in (4.81). Indeed the scalars around the fixed
points behave in the same way as in Section 4 and the behavior of the A(r), f(r) and ΦI(r) is
given by (5.97)–(5.100). In particular ΦI and f
2 are diverging, ΦI ∼ e−2r/L∗ and f 2 ∼ e−6r/L∗ ,
as r → −∞.
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Figure 3: The profiles of the scalar functions α(A), χ(A) obtained by solving the BPS flow
equations in Poincare´ patch. We have also set c = 1, g = 1. They do interpolate between the
UV and the IR fixed points.
It should be very interesting to study similar domain walls at finite temperature. Since
such solutions would break supersymmetry one would have to solve second order flow equations
derived from the equations of motion. Such analysis is beyond the scope of the current paper.
In the following section we will study some simple non-supersymmetric black hole solutions.
6It is again possible to guess a fitting tangent hyperbolic function that will approximate the numerical solution
very closely, as we have demonstrated earlier in (4.84) and (4.85).
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Figure 4: The profiles of the scalar functions α(A), χ(A) and Φ(A) ≡ Φ2(A) obtained by solving
the BPS flow equations in global coordinates. For numerical purpose we have set c = 1, g = 1
and a = 1. Note that all fields vary within the same region in A-space and that Φ is diverging
exponentially and f is determined by (3.75).
5.4 Non-supersymmetric solutions
Even though, from the ten-dimensional perspective, the solutions constructed above have an
interesting interpretation in terms of spinning D3-branes and giant gravitons, they are singular
in five dimensions. On the other hand, there are well-known, non-supersymmetric black-hole
solutions that are regular outside their horizons and thus it is interesting to see how such non-
BPS solutions appear in the N =2 theory coupled to a charged hypermultiplet.
One can set ϕ2 = ϕ3 = ϕ4 = 0 and ϕ1 to one of the two fixed point values and then derive
the following equations of motion from the supergravity Lagrangian (2.7)7:
Rµν − gµνR
2
− 2Pgµν + 2(ρ4ν−4T (1)µν + ρ4ν4T (2)µν + ρ−8T (3)µν )− 4(3T (α)µν + T (β)µν) = 0 ,
∂σ
(√
gρ4ν−4F (1)σν
)
= 0 , ∂σ
(√
gρ4ν4F (2)σν
)
= 0 , ∂σ
(√
gρ−8F (3)σν
)
= 0 ,
(5.108)
1√
g
∂ν (
√
g∂να) +
1
6
(
ρ4ν−4F (1)µν F
(1)µν + ρ4ν4F (2)µν F
(2)µν − 2ρ−8F (3)µν F (3)µν
)
+
1
6
∂P
∂α
= 0 ,
1√
g
∂ν (
√
g∂νβ) +
1
2
(−ρ4ν−4F (1)µν F (1)µν + ρ4ν4F (2)µν F (2)µν)+ 12 ∂P∂β = 0 ,
7Apart from the constraints obtained from setting both α and β to their respective constant values, there is
an additional constraint equation at the PW fixed point resulting from the variation of θ1. It is straightforward
to check that all these constraints imply the relation in (5.107).
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where
T (i)µν = F
(i)
µσF
(i)σ
ν − 14 gµνF (i)σλF (i)σλ , T (X)µν = ∂µX∂νX − 12 gµν∂σX∂σX , (5.109)
and P is the potential (2.9). A solution to this set of equations is given by
ds25 =
F
(H1H2H3)2/3
dt2 − 1
4
a2(H1H2H3)
1/3η2(σ21 + σ
2
2 + σ
2
3)−
(H1H2H3)
1/3
F
dη2 , (5.110)
Hi(η) =
g
2c
(
1 +
qi
η2
)
, F (η) =
1
a2
− M
η2
+ c2η2H1H2H3 , (5.111)
A(i) = −
(
M
4qi
+
1
4a2
)1/2
1
Hi
dt , X(i) =
(H1H2H3)
1/3
Hi
, (5.112)
This is the non-supersymmetric AdS5 black hole of the STU model with three different charges
[35]. The non-extremality parameter is M and for M = 0 we recover the BPS solution of Section
5.1. There is a critical value of M above which the solution has no naked singularities and has
a macroscopic horizon [35].
One can also construct a non-BPS black hole with a constant charged scalar which is asymp-
totic to the PW fixed point8 (5.106). The solution is the non-supersymmetric generalization of
the BPS naked singularity presented in Section 5.2 and is given by
ds25 = F˜H
−2dτ 2 − 1
4
a2Hη2(σ21 + σ
2
2 + σ
2
3)−HF˜−1dη2 , (5.113)
with
H(η) =
g
2c
(
1 +
q
η2
)
, F˜ (η) =
1
a2
− M
η2
+
4c2W 2∗
9
η2H3(η) . (5.114)
The vector potentials are given by:
A(1) = −
(
M
4q
+
1
4a2
)1/2
ν2∗
ρ2∗
dτ
H
, A(2) = −
(
M
4q
+
1
4a2
)1/2
1
(ρ∗ν∗)2
dτ
H
,
A(3) = −
(
M
4q
+
1
4a2
)1/2
ρ4∗
dτ
H
,
(5.115)
and the scalars have the constant values (5.105). Once again, while the solution has the same
form as a standard STU black hole, it does, of course, represent a new supergravity solution that
possesses a very distinct, ten-dimensional uplift.
8There is also a similar non-supersymmetric solution asymptotic to the SU(3) fixed point (2.18).
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6 Conclusions
In this paper we have exhibited a large class of supersymmetric holographic flow solutions that
involve chemical potentials and in which the metric on the brane is either that of R3 × R1 or
S3 ×R1, with different warp factors in front of the temporal and spatial directions. These flows
are completely determined by a first order system that involves a modified steepest descent on
the superpotential. The solutions include an interesting new smooth flow between two global
AdS backgrounds with different radii and different potentials. The potential changes because
there is a “charged hypermultiplet cloud” between the UV and IR fixed points.
Even within the families of solutions considered here, there are several other examples that
would be interesting to examine, particularly the N =2∗ flows [29], the N =1∗ flow [21, 39] with
three masses equal and hybrids of the two [40]. Then there are all the M-theory analogues of these
flows. One would expect that the flow to the SU(3)×U(1) invariant fixed point [41, 42, 43, 44, 45]
could be easily promoted to a smooth flow with chemical potentials in global AdS in a manner
very analogous to the result here [46]. The flow to the supersymmetric G2-invariant point is
somewhat more problematic because there are no G2-invariant vector fields in SO(8) to provide
suitable chemical potentials. There might, however, be something far more exotic involving
chemical potentials in non-trivial representations of the unbroken gauge group. It might also be
rather interesting to see what happens to the SU(3)-invariant web of flows considered in [47]
once one includes the chemical potentials.
As we remarked earlier, the gauge potentials that give rise to the chemical potentials cor-
respond to Kaluza-Klein angular momentum terms on the S5 of the compactification of IIB
supergravity. Thus the uplifts of the solutions considered here, and their M-theory analogues,
all correspond to some form of giant graviton solution. It would be interesting to examine these
uplifts in more detail and we have already begun work on this [46]. Obviously the smooth so-
lution would be most interesting, but even the singular black-hole-like solutions should have a
much more canonical description in terms of spinning branes.
Going beyond what we have considered here, it should be relatively straightforward to include
magnetic fields in addition to the electrostatic potentials. The inclusion of magnetic fields would
not only enable us to study the dual AdS/CMT systems in the presence of magnetic fields and
perhaps find new phenomena, like new phases, but would also give us a new approach to studying
AdS black-hole solutions. In particular, one should certainly recover the supersymmetric black
hole in global AdS [33, 34], and perhaps put such a solution in the core of a cloud of charged
hypermultiplets. It would also be interesting to use the approach presented here to re-examine,
and possibly generalize, the solutions in [48, 49]. More generally, one could also consider electro-
magnetic backgrounds that have “instanton-like” boundary conditions at infinity with an SU(2)
electromagnetic field winding non-trivially around the S3 of global AdS.
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Based upon the study of black holes and black rings in asymptotically flat five-dimensional
space (see, for eaxmple, [50, 51, 52, 53]), one expects that the supersymmetry equations will no
longer be sufficient to determine the solution with both electric and magnetic fields and that one
will have to supplement these equations with some of the equations of motion in order to fully
determine the solutions. The situation should be simpler with M-theory compactifications to
four-dimensions because the magnetic fields are necessarily constant if they are uniform in space
and so should not require the use of the equations of motion in addition to the requirements of
supersymmetry.
Finally, there are the non-supersymmetric solutions. Based upon our work here, it is evident
that the supersymmetric flow between the fixed points necessarily involves turning on a fermion
mass and not a fermion condensate. On the other hand, there are non-supersymmetric flows
involving a fermion condensate between these fixed points [54] and so there are clearly interesting
non-supersymmetric flows to be studied. Given that the end-points of such a non-supersymmetric
flow are stable, it would be most interesting to learn whether the entire flow is stable.
It is also evident from our work that one can find solutions with non-supersymmetric black
holes in the center of the hypermultiplet charge clouds. It would be interesting to study flows
that start from the maximally symmetric fixed point and evolve to such black-hole solutions in
the core. More generally, it may be that the study of AdS black holes and black rings could
be fertile territory for the application of “almost-BPS” techniques [55] and their generalizations
[56, 57]. The basic idea is to find solutions that are “locally supersymmetric” but for which
global holonomies break the supersymmetry. One might therefore hope to use this perspective
to take many of the the supersymmetric black holes, black rings and bubbled solutions and carry
them over to “almost-BPS” solutions in AdS geometries.
The study of supersymmetric flow solutions involving background electromagnetic fields raises
some extremely interesting questions and suggests quite a number of new avenues for further
research.
Acknowledgements
We would like to thank Steve Gubser, Sliviu Pufu and Fabio Rocha for stimulating our interest
in holographic flows with chemical potentials. We are also grateful to Igor Klebanov and Edward
Witten for very helpful conversations about holography on global AdS spaces. NB would like to
thank Tameem Albash for useful discussions on charged black holes. This work was supported
in part by DOE grant DE-FG03-84ER-40168.
26
References
[1] S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,” Class.
Quant. Grav. 26, 224002 (2009) [arXiv:0903.3246 [hep-th]].
[2] C. P. Herzog, “Lectures on Holographic Superfluidity and Superconductivity,” J. Phys. A
42, 343001 (2009) [arXiv:0904.1975 [hep-th]].
[3] G. T. Horowitz, “Introduction to Holographic Superconductors,” arXiv:1002.1722 [hep-th].
[4] M. Cvetic et al., “Embedding AdS black holes in ten and eleven dimensions,” Nucl. Phys.
B 558, 96 (1999) [arXiv:hep-th/9903214].
[5] J. McGreevy, L. Susskind and N. Toumbas, “Invasion of the giant gravitons from anti-de
Sitter space,” JHEP 0006, 008 (2000) [arXiv:hep-th/0003075].
[6] R. C. Myers and O. Tafjord, “Superstars and giant gravitons,” JHEP 0111, 009 (2001)
[arXiv:hep-th/0109127].
[7] S. S. Gubser, “Curvature singularities: The good, the bad, and the naked,” Adv. Theor.
Math. Phys. 4, 679 (2000) [arXiv:hep-th/0002160].
[8] D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, “Renormalization group flows
from holography supersymmetry and a c-theorem,” Adv. Theor. Math. Phys. 3, 363 (1999)
[arXiv:hep-th/9904017].
[9] S. S. Gubser, C. P. Herzog, S. S. Pufu and T. Tesileanu, “Superconductors from Super-
strings,” Phys. Rev. Lett. 103, 141601 (2009) [arXiv:0907.3510 [hep-th]].
[10] J. P. Gauntlett, J. Sonner and T. Wiseman, “Holographic superconductivity in M-Theory,”
Phys. Rev. Lett. 103, 151601 (2009) [arXiv:0907.3796 [hep-th]].
[11] S. S. Gubser, S. S. Pufu and F. D. Rocha, “Quantum critical superconductors in string
theory and M-theory,” Phys. Lett. B 683, 201 (2010) [arXiv:0908.0011 [hep-th]].
[12] J. P. Gauntlett, J. Sonner and T. Wiseman, “Quantum Criticality and Holographic Super-
conductors in M-theory,” JHEP 1002, 060 (2010) [arXiv:0912.0512 [hep-th]].
[13] K. Pilch, unpublished.
[14] N. Bobev, N. Halmagyi, K. Pilch and N. P. Warner, “Supergravity Instabilities of Non-
Supersymmetric Quantum Critical Points,” arXiv:1006.2546 [hep-th].
27
[15] A. Khavaev and N. P. Warner, “A Class of N = 1 Supersymmetric RG Flows from Five-
Dimensional N =8 Supergravity,” Phys. Lett. B 495, 215 (2000) [arXiv:hep-th/0009159].
[16] A. Khavaev, K. Pilch and N. P. Warner, “New vacua of gauged N = 8 supergravity in five
dimensions,” Phys. Lett. B 487, 14 (2000) [arXiv:hep-th/9812035].
[17] M. Gu¨naydin, L. J. Romans and N. P. Warner, “Compact And Noncompact Gauged Super-
gravity Theories In Five-Dimensions,” Nucl. Phys. B 272, 598 (1986).
[18] A. Ceresole and G. Dall’Agata, “General matter coupled N = 2, D = 5 gauged supergravity,”
Nucl. Phys. B 585, 143 (2000) [arXiv:hep-th/0004111].
[19] A. Ceresole, G. Dall’Agata, R. Kallosh and A. Van Proeyen, “Hypermultiplets, domain walls
and supersymmetric attractors,” Phys. Rev. D 64, 104006 (2001) [arXiv:hep-th/0104056].
[20] J. T. Liu, H. Lu, C. N. Pope and J. F. Vazquez-Poritz, “New supersymmetric solu-
tions of N=2, D=5 gauged supergravity with hyperscalars,” JHEP 0710, 093 (2007)
[arXiv:0705.2234 [hep-th]].
[21] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, “The supergravity dual of N = 1
super Yang-Mills theory,” Nucl. Phys. B 569, 451 (2000) [arXiv:hep-th/9909047].
[22] L. J. Romans, “New Compactifications Of Chiral N=2 D = 10 Supergravity,” Phys. Lett.
B 153, 392 (1985).
[23] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, “Novel local CFT and exact results
on perturbations of N = 4 super Yang-Mills from AdS dynamics,” JHEP 9812, 022 (1998)
[arXiv:hep-th/9810126].
[24] J. Distler and F. Zamora, “Non-supersymmetric conformal field theories from stable anti-de
Sitter spaces,” Adv. Theor. Math. Phys. 2, 1405 (1999) [arXiv:hep-th/9810206].
[25] C. N. Pope and N. P. Warner, “A dielectric flow solution with maximal supersymmetry,”
JHEP 0404, 011 (2004) [arXiv:hep-th/0304132].
[26] C. N. Gowdigere, D. Nemeschansky and N. P. Warner, “Supersymmetric solutions with
fluxes from algebraic Killing spinors,” Adv. Theor. Math. Phys. 7, 787 (2004) [arXiv:hep-
th/0306097].
[27] K. Pilch and N. P. Warner, “Generalizing the N = 2 supersymmetric RG flow solution of
IIB supergravity,” Nucl. Phys. B 675, 99 (2003) [arXiv:hep-th/0306098].
28
[28] D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, “Continuous distributions of
D3-branes and gauged supergravity,” JHEP 0007, 038 (2000) [arXiv:hep-th/9906194].
[29] K. Pilch and N. P. Warner, “N = 2 supersymmetric RG flows and the IIB dilaton,” Nucl.
Phys. B 594, 209 (2001) [arXiv:hep-th/0004063].
[30] N. P. Warner, “Renormalization group flows from five-dimensional supergravity,” Class.
Quant. Grav. 17, 1287 (2000) [arXiv:hep-th/9911240].
[31] D. Yamada and L. G. Yaffe, “Phase diagram of N = 4 super-Yang-Mills theory with R-
symmetry chemical potentials,” JHEP 0609, 027 (2006) [arXiv:hep-th/0602074].
[32] K. Behrndt, A. H. Chamseddine and W. A. Sabra, “BPS black holes in N = 2 five dimen-
sional AdS supergravity,” Phys. Lett. B 442, 97 (1998) [arXiv:hep-th/9807187].
[33] J. B. Gutowski and H. S. Reall, “Supersymmetric AdS(5) black holes,” JHEP 0402, 006
(2004) [arXiv:hep-th/0401042].
[34] J. B. Gutowski and H. S. Reall, “General supersymmetric AdS(5) black holes,” JHEP 0404,
048 (2004) [arXiv:hep-th/0401129].
[35] K. Behrndt, M. Cvetic and W. A. Sabra, “Non-extreme black holes of five dimensional N =
2 AdS supergravity,” Nucl. Phys. B 553, 317 (1999) [arXiv:hep-th/9810227].
[36] M. Cvetic and S. S. Gubser, “Phases of R-charged black holes, spinning branes and strongly
coupled gauge theories,” JHEP 9904, 024 (1999) [arXiv:hep-th/9902195].
[37] A. Khavaev and N. P. Warner, “An N = 1 supersymmetric Coulomb flow in IIB supergrav-
ity,” Phys. Lett. B 522, 181 (2001) [arXiv:hep-th/0106032].
[38] K. Pilch and N. P. Warner, “A new supersymmetric compactification of chiral IIB super-
gravity,” Phys. Lett. B 487, 22 (2000) [arXiv:hep-th/0002192].
[39] K. Pilch and N. P. Warner, “N = 1 supersymmetric renormalization group flows from IIB
supergravity,” Adv. Theor. Math. Phys. 4, 627 (2002) [arXiv:hep-th/0006066].
[40] N. J. Evans and M. Petrini, “AdS RG-flow and the super-Yang-Mills cascade,” Nucl. Phys.
B 592, 129 (2001) [arXiv:hep-th/0006048].
[41] N. P. Warner, “Some New Extrema Of The Scalar Potential Of Gauged N=8 Supergravity,”
Phys. Lett. B 128, 169 (1983).
29
[42] H. Nicolai and N. P. Warner, “The SU(3) X U(1) Invariant Breaking Of Gauged N=8
Supergravity,” Nucl. Phys. B 259, 412 (1985).
[43] C. h. Ahn and J. Paeng, “Three-dimensional SCFTs, supersymmetric domain wall and
renormalization group flow,” Nucl. Phys. B 595, 119 (2001) [arXiv:hep-th/0008065].
[44] C. h. Ahn and K. Woo, “Supersymmetric domain wall and RG flow from 4-dimensional
gauged N = 8 supergravity,” Nucl. Phys. B 599, 83 (2001) [arXiv:hep-th/0011121].
[45] R. Corrado, K. Pilch and N. P. Warner, “An N = 2 supersymmetric membrane flow,” Nucl.
Phys. B 629, 74 (2002) [arXiv:hep-th/0107220].
[46] N. Bobev, A. Kundu, K. Pilch and N. P. Warner, work in progress
[47] N. Bobev, N. Halmagyi, K. Pilch and N. P. Warner, “Holographic, N=1 Supersymmetric
RG Flows on M2 Branes,” JHEP 0909, 043 (2009) [arXiv:0901.2736 [hep-th]].
[48] E. D’Hoker and P. Kraus, “Magnetic Brane Solutions in AdS,” JHEP 0910, 088 (2009)
[arXiv:0908.3875 [hep-th]].
[49] E. D’Hoker and P. Kraus, “Charged Magnetic Brane Solutions in AdS5 and the fate of the
third law of thermodynamics,” JHEP 1003, 095 (2010) [arXiv:0911.4518 [hep-th]].
[50] J. P. Gauntlett and J. B. Gutowski, “Concentric black rings,” Phys. Rev. D 71, 025013
(2005) [arXiv:hep-th/0408010].
[51] I. Bena and N. P. Warner, “One ring to rule them all ... and in the darkness bind them?,”
Adv. Theor. Math. Phys. 9, 667 (2005) [arXiv:hep-th/0408106].
[52] H. Elvang, R. Emparan, D. Mateos and H. S. Reall, “Supersymmetric black rings and
three-charge supertubes,” Phys. Rev. D 71, 024033 (2005) [arXiv:hep-th/0408120].
[53] I. Bena and N. P. Warner, “Black holes, black rings and their microstates,” Lect. Notes
Phys. 755, 1 (2008) [arXiv:hep-th/0701216].
[54] S. Gubser, S. Pufu and F. Rocha, private communication
[55] K. Goldstein and S. Katmadas, “Almost BPS black holes,” JHEP 0905, 058 (2009)
[arXiv:0812.4183 [hep-th]].
[56] I. Bena, G. Dall’Agata, S. Giusto, C. Ruef and N. P. Warner, “Non-BPS Black Rings and
Black Holes in Taub-NUT,” JHEP 0906, 015 (2009) [arXiv:0902.4526 [hep-th]].
30
[57] I. Bena, S. Giusto, C. Ruef and N. P. Warner, “Supergravity Solutions from Floating
Branes,” JHEP 1003, 047 (2010) [arXiv:0910.1860 [hep-th]].
31
